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We study families formed with subsets of any set X which are quantum logics but
which are not Boolean algebras. We consider sequences of measures defined on a sets
quantum logics and valued on an effect algebra and obtain a sufficient condition for
a sequences of such measures to be uniformly strongly additive with respect to order
topology of effect algebras.
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1. INTRODUCTION

A structure (L, @, 0, 1) is called an effect algebra it 0, 1 are two distinguished
elements and @ is a partially defined operation on L which satisfies the following
conditions for any a, b, ¢ € L (Foulis and Bennett, 1994):

(1) bda=a®bifa @ bisdefined (it is said that a and b are orthogonal
elements).

2) (@a®b)®c=a® (D c) if one side is defined.

(3) For every a € L there exists a unique b € L such thata @ b = 1 (we
denote b by a').

(4) If 1 @ a is defined then a = 0.

In effect algebra L we consider the following partial order: a < b iff there
exists ¢ € L such thata @ ¢ = b (write ¢ = b — a).

Ifforalla,b e L,a <borb < a,then L is said to be totally order effect
algebra.If foralla, b € L and a < b (which means a < b and a # b) there exists
c € L suchthata < ¢ < b, then L is said to be connected.
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Let F={a; : 1 <i <n} be a finite subset of L. If a; ® a;, (a1 ® ax) &
as,...(a1®ar® ... ®a,—1) P a, are defined, we say that F is orthogonal and
wedenote PF =(a1 Dar ® ... Da,—1) D a,.

If G is an arbitrary subset of L, we will say that G is orthogonal if each finite
subset F' C G is orthogonal.

If G is orthogonal and the supremum \/{D F : F C G, F finite} exists, then
PG =\V{EBF:F CG, F finite} is called the &-sum of G.

L is said to be complete if € G exists for each orthogonal subset G C L.

L is o-complete if @@ G exists for each countable orthogonal subset G C L.

For the elementary properties of the order topology of effect algebra
(L, 0, 1), (see, Birkhoff, 1948; Riecanova, 2000; Wu et al., 2005).

In this paper we will need the following results in relation to an effect algebra
(L,,0,1):

(i) Ifc<bandb <athenc <aand(a©&c)S (bSc) =a S b (Foulis and
Bennett, 1994).

(ii) Ifa, b € L, let a — b denote the element a © b if a > b and the element
boaifa <b.lf{aj,a,...,a,}and {by1, b, ..., b,} are two orthogonal
subsets of L and L is a totally order effect algebra, then

D1 ai —Di_1 bi = Dica- (@ — b)) = Bjcs-(bi — ar),
withAT ={ieN:b, <g}and A~ ={i e N:qg; < b;}.
If L is also a o -complete effect algebra and (a;); and (b;); are two orthog-
onal sequences, then we have

B2 ai — D2, bi = Bicpr(ai — bi) — PBjep-(bi — ap).

with AT ={i e N:Db; <g;}and A~ = {i € N:q; < b;} (Aizpuru et al.,
2005).

(iii) Foreach a,b,c € L suchthatb ©a=c6©awehaveb=c.Ilfa® b =
a @ c then b = ¢ (Foulis and Bennett, 1994).

(iv) If L is a totally order effect algebra and a, b, ¢ € L, then it follows that
(a—c)<(a—>b)® (- c)(Aizpuru et al., 2005).

Recently, great interest has been taken in measure theory and matrix results
in the framework of effect algebras (Wu et al., 2003; Wu and Ma, 2003; Wu et al.,
2003; Aizpuru et al., 2005; Mazario, 2001).

2. QUANTUM ALGEBRA OF SETS

Let X be a set and let 7 be a Boolean algebra formed with the subsets of X.
Ifa,be FandanNb =@, definea ®b =aUb.

Let F be a family formed with subsets of X. We will say F is a quan-
tum algebra of sets (or a quantum algebra formed with sets) if {#J, X} € F and
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(F, B, X, 9) is an effect algebra with @ definedbya® b =aUbifaNb =0

(in the literature a quantum algebra is also called a class (Gudder, 1979) or a partial

field (Godowski, 1981)). Let us observe that a sequence (¢;); in a quantum algebra

of sets F is orthogonal iff (a;); is a sequence of mutually disjoint subset in F.
We next give a quantum algebra of sets which is not a Boolean algebra.

Example 2.1. Let P C N be the set of even numbers and let / C N be the set of
odd numbers. Let £ be the family of sets A € Nsuchthat AN P,ANI, AN P
and A° N[ are infinite. Denote ¢(N) = {A C N : A is finite or cofinite}. Define
(F,B, N, 0 with F =L Up(N)and a ®b = a Ub if aNb = @, this structure
is a quantum algebra and it is easily seen that F is not a Boolean algebra.

Aset F € P(N)is called a natural family if ¢o(N) C F, where ¢o(N) denotes
the family of finite subsets of N (Aizpuru and Gutierrez-Davila, 2004a).

We will say F is a quantum natural algebra if F is a quantum algebra of sets
and also a natural family.

The quantum natural algebras can be defined by any orthogonal sequence in
a effect algebra:

Let (L, €p, 1, 0) be an effect algebra and let (a,), be a orthogonal sequence
in L satisfying @,a, exists. Let L = {Bicma; : Biema; exists and M C N} and
define (Biem, ai) ® (Biem,ai) = Biemum,a;i iff My N My =@ and ®iepm,um,ai
exists in L. Under this conditions, (L/, P, 1,0) is an effect algebra with 1 =
@,y @:- Itis clear that L' can be identified with a quantum algebra. This analysis
let us extend to effect algebra the results obtained in the framework of quantum
natural algebras.

The following definition can be found in (Aizpuru and Gutierrez-Davila,
2004b).

Definition2.2. A natural family F has property S if for every pair [(;);, (b;);] of
disjoint sequences of mutually disjoint elements in ¢o(N) there exists an infinite
set M C Nand b € F satisfyinga; € band b, Nb = {J foreachi € M.

JF has property (SC) if for each sequences (a;); of mutually disjoint elements
in F there exists an infinite set M C N such that UieM a € F.

Let us observe that all these properties S and (SC) can be defined in an effect
algebra.

Interesting results deals with finitely additive measures defined on an effect
algebra with property (SC) have been obtained (Wu and Ma, 2003; Wu et al.,
2003; Mazario, 2001).

The quantum algebra of sets we have introduced in Example 2.1 has property
S and lacks property SC (Aizpuru and Gutierrez-Davila, 2004b).
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In this paper, we prove a condition in relation to a sequence (;); of measures
defined on a quantum natural algebra and valued in an effect algebra which implies
(u:); is uniformly strongly additive.

3. SEQUENCES OF STRONGLY ADDITIVE MEASURES

In this section F denotes a quantum natural algebra and (L, €p, 0, 1) denotes
a connected, totally order effect algebra. u : F — L is said to be a measure if
the equality u(a U b) = u(a) @& w(b) holds foreach a, b € F withaNb = . We
will say p is o-additive if each sequence (a;); of mutually disjoint elements in F
with |,y a; € F verifies the following two properties:

(a) The sequence (u(a;)); is orthogonal in L;
®) w1 (U ar) = @ uia).

Let us observe an element a € F verifies a = J
Dica nUiD).

Let (L, 6,0, 1) be a totally order effect algebra. We say that the sequence
(bp)n of L is a Cauchy sequence if foreach h € L, 0 < h, there exists ny € N such
that when ny < n, m, then b, — b,, < h. We say that the sequence (c,), of L is
a unconditionally Cauchy sequence (uca) if for each h € L, 0 < h, there exists
no € N such that when ng < n, for every finite subset B of {n + 1,n+2,...},
then ®,cpc; < h.

{i} and so wu(a) =

ica

Lemma3.1. Letu : F — L beao-additive measure and let (a;); be a sequences
of mutually disjoint elements in F. Then (u(a;)); is unconditionally Cauchy (uca).

Proof: If not, there exists & € L \ {0} and a sequence (C,), in ¢o(N) such that
®Dicc, mlai) > h. With this notation, the following properties hold:

(1) Define b,, = @iec,, a; for each n € N, it is obvious that u(b,) > h.

(2) 6B, u({i}) is uca and so there exists m € N which satisfies @), . n({i}) <
hif C C{m+1,...}is a finite subset.

(3) There also exists n € N such that inf C,, > m.

From (1) and (3) there exists b € ¢o(N) such that b € b, and w(b) > h, contrary
to (2).
O

Let (u;); be a sequence of L-valued measures defined on F. (u;); is said
to be uniformly strongly additive in F if each sequence (g;); of mutually disjoint
elements in F we have lim; u;(a;) = 0 with respect to the order topology of L
uniformly oni € N.
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Theorem 3.2. Let (u;); be a sequence of o-additive L-valued measures defined
on F and (ui(a)); a Cauchy sequence for each a € F. If F has property S, then
(W) is uniformly strongly additive.

Proof: At first, we prove that for each sequence (b;); of mutually disjoint ele-
ments in ¢o(N), lim; w;(b;) = 0 with respect to the order topology of L uniformly
for i € N. It is enough to prove (i;(b;)); are uniformly Cauchy for j € N. If not,
there exists 4 € L \ {0} such that for each k € N there exists i > j > k and ny
satisfying ;(bn,) — 14 j(bn,) > h. From this, it is clear that for each k, m € N there
exists i > j > k and ny satisfying u;(b,,) — wj(b,,) > h and inf b,, > m. Now,
let k; = 1, by the previous assumption there exists i; > j; > k; and n; such that
iy (by,) — wj(by,) > h. Formy > sup by, let hy € L\ {0} and {h}, ..., h, } C
L\{0} with b\ ® ... DI,

for j € {1, 2, ..., m}, there exists ig; such that u,({j}) — u,({j}) < h] for each
p,q >iprand j € {1,...,m}.Let C denote any subsetof {1, ..., m} and denote
Ci={je(l,....m}: nu;({j}) = up({jPtand C_ = C \ C,.lItis obvious that

B i) — g {id) < by,

JjeCy

< hy < h. Since (u;({j})); are Cauchy sequences

my

P (g (i) — 1p{id) < by,

jeC_
P 1, (iH = P ugih < b
jeC jec

Let ky > ip, similar, there exist i; > j» > k, and ny such that u;,(b,,) —
1 (bay) > .

It follows from Lemma 3.1 that (u;,({ j}))j and (p;,({ j}))j are uncondition-
ally Cauchy and so there exists m; > sup b,, with

P i () = i (D) < ha,

JED4

P i (3D = i (D) < ha,

jeD_
P ni(ih — P riutih < ha.
jeb jeb

Where hy € L\ {0} with hy @ hy <h, Dy ={j € D:p;,{j}h) = wu,{jD},
D_ = D\ D, and D is an arbitrary finite subset of {m, + 1, ...}.
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Inductively, we obtain three strictly increasing sequences (i,),, (j.)r, and (m,),
with jj <ij < jp <ip <...< j, <i, <...suchthat, forr > 1,

() by, S {m,—1+1,...,m,}and u; (b,,) — pj (by,) > h.
(i) pj,(c) — pj(c) < hyforeachc C{1,...,m,_i}.
(iii) p;, (b) — ), (b) < hy foreachb € {m, +1,...}.

Define k. = {m,_1 +1,...,m,} \ b,, for each r > 1. Since F has prop-
erty S, the pair [(k;);~1, (Dy,)r~1] allow us to obtain an infinite set M < N and
b € F such that b,, € b and b Nk, = ¢ for each r € M. Note that (u;(b)); is a
Cauchy sequence, so there exists iy € N satisfying p,(b) — uy(b) < hs for each
P, q > ig, where hs € L\ {0} with hy + hy + h3 < h. Let r satisfy i, > j, > i,
we have

b= (@ff;’grb—l {j}) D (@jeb,,,, {j}) D (@ o {j})-

Denote

ar = w;,(0) = P wi, () m= P mdb

jeb jsmp_y
Jjeb

as = i, (by,) as = @ i, (i)

Jj>my

by =P ;i) by= P u;,{ih

jeb J=mp_y
jeb

by = (by,) by = P w;, (ih

j>m,

a:az@m ﬂ=b2®b4

With this notation, we have a; =a@as, by =EPb;. Since o —f =
(ar P as) — (b2 P by) (there is no loss of generality in assuming o > $), one
of the following conditions is true:

(1.1) a — B = (ay — by) P(as — by) if ay > by and ay > by.
1.2) o — B =(ayg — by) — (by — ap) if ay < by and aq > by.
1.3) o — B = (a, — by) — (as — by) if ay > by and a4 < by.

From all these cases we conclude @ — 8 < h; + h;.

Since a; — by = (¢ P az) — (B @ b3) (we can assume b; < a;), one of the fol-
lowing conditions is true:

(2.1) If @ > B and a3 < b; it follows that a; — b; = (@ — B) P(a3 — b3) and
so a; — by > h, which contradicts a; — b; = p;, (b) — w;, (b) < hj.



Measures Defined on Quantum Logics of Sets 1457

(2.2) If as < bz and @ < B it follows that a; — by = (a3 — b3) — (@ — B) and
so az — b3 < hy + hy + h3, which contradicts (i).

(2.3) If a3 < b3 and « > B it follows that a; — b; = (b3 — a3) — (B — «) and
so b3 — a3 < h, which is also impossible.

Thus, we have just proved that (1;(b;)); are uniformly Cauchy on j € N for
each sequence (b;); of mutually disjoint elements in ¢o(N).

In order to complete the proof of Theorem 3.2, let (b;); be a sequence of
mutually disjoint elements in F. If (u;(b;)); are not uniformly Cauchy on j € N,
there exists & € L \ {0} such that for each k, m € N there existi > j > k and ny
satisfying p;(b,,) — n;j(by,) > h and infb,, > m.

Let k; = 1, the above assumption allow us to consider i; > j; > k; and n
with Mk, (b,m) - Mil(bnl) > h. ,

Let h, hg € L\ {0} satisfy h & hoy < h. By Lemma 3.1 that there exists /;
such that @IZLI wi, ({l}) < k" and @1’;’”‘ wi i) < h'.

Denote @ = i, (by,) = @mzamlun({l}) —a, ®a, where a =
@ I<11 wi,({1}) and ap = @ 1>11 wi, ({1}).  Similarly, let b= p;b,)=

@leh,, /le({l}) =b| @ by, where bl @ 1<1, [le({l}) and a, = @ 1>1| MJI({Z})

Without loss of generality we can assume a > b and so a —b > h. Since
a—b=(a1Pay)— (b @b,), one of the following conditions must be
true:

If a; > b and a; > b, we have a — b = (a; — b)) P(a; — by). From this
it follows that a; — by > hg, if not,a — b < ho @ h' < h, which contradicts the
inequality a — b > h.

Ifa, > byand b, > ap wehavea — b = (a; — by) — (b, —ap).If a; — b <
hothena — b < hg @ h' < h, which is a contradiction and so a; — b; > hy.

If a; < by and by < a, we have a — b = (by — a1) — (ap — by). As in the
previous cases we can obtain by — a; > hy.

Let C,, = Ujeb,,, {j}. Then we have p; (Cy,) — i, (Cp,) > ho.

Thus, 1nduct1vely, we can obtain a sequence (C,,) of mutually disjoint el-
ements in ¢o(N) and two sequences of natural numbers (i), and (j,), with
i1 <j1 <...<li <j, <...suchthat

Wi, (Cp,) — ;. (Cp,) > ho

for each r € N. This contradicts the first conclusion and so we have complete the
proof of this theorem. O
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